An inventory problem involves a lot of factors influencing inventory decisions. To understand it, the traditional EOQ model plays rather important role on inventory analysis. Although the traditional EOQ models are still widely used in industry, practitioners frequently question validities of assumptions of these models such that their use encounters challenges and difficulties. So, this paper tries to present a new inventory model by considering two levels of trade credit and two warehouses together to relax the basic assumptions of the traditional EOQ model to improve the environment of the use of it. Keeping in mind cost-minimization strategy, three easy-to-use theorems are developed to characterize the optimal solutions. Finally, the sensitivity analysis is executed to investigate the effects of the various parameters on ordering policies and the annual total relevant costs of the inventory system.
INTRODUCTION
The classical economic order quantity (EOQ) model makes the following assumptions:
(1) The retailer's capitals are unrestricted and the stocks ordered are fully paid upon receipt. However, from the viewpoint of practice, this may not be true. In recent years, marketing researchers and practitioners have recognized the phenomenon that the supplier offers a permissible delay to the retailer if the outstanding amount is paid within the permitted fixed settlement period, known as trade credit period. During the trade credit period, the retailer can accumulate revenues by selling items and earning interests.
Stokes (2005) indicates that trade credit represents one of the most flexible sources of short-term financing *Corresponding author. E-mail: kjchung@cycu.edu.tw. available to firms principally because it arises spontaneously with the firm's purchases. The decision to offer trade credit and the determination of the firm's terms of sale are important managerial considerations. In a competitive market, the supplier offers different delay periods to encourage the retailer to order more quantities. Many articles related to the trade credit can be found in Sana and Chaudhuri (2008) and references of the review paper by Chang et al. (2008) .
(2) The inventories are stored by a single warehouse with unlimited capacity. As we all know, the capacity of any warehouse is limited. In practice, there usually exist various factors that induce the decision-maker of the inventory system to order more items than can be held in his/her own warehouse. Therefore, for the decision maker, it is very practical to determine whether or not to rent other warehouses.
Many article related to the inventory policy under limited storage capacity can be found in Pakkala and Achary (1992) , Berkherouf (1997) , Goswami and Chaudhuri (1997) , Bhunia and Maiti (1998) , Chung and Huang (2004, 2006) , Zhou and Yang (2005) , Yang (2006) , Hsieh et al. (2008) , Rong et al. (2008) , Chung et al. (2009) , Lee and Hsu (2009) and their references.
Furthermore, Goyal (1985) established a single-item inventory model under permissible delay in payments. The trade credit policy discussed in Goyal (1985) assumed that the supplier would offer the trade credit but the retailer would not offer the trade credit to his/her customers. That is one level of trade credit.
Recently, Teng (2009) and Huang (2003) explore inventory models under two levels of trade credit policy when the supplier offers the retailer a permissible delay of M periods, and the retailer also provides its customers a permissible delay of N periods, respectively. That is two levels of trade credit. On the other hand, in practice, there are two payment methods to be adopted to explore the inventory problem under the trade credit. They can be described as follows:
Payment method 1: The retailer pays off all units sold and keeps the profits for other uses. Payment method 2: The retailer pays off the amount owed to the supplier whenever the retailer has money obtained from sales. Huang (2006) explored the inventory model with two levels of trade credit and limited storage capacity under payment method 1. Chung and Huang (2007) further generalized Huang (2006) to allow by considering the deteriorating items. Teng et al. (2007) studied the inventory model under two levels of trade credit from the viewpoint of Huang (2003) and payment method 2.
Recently, Teng et al. (2009) presented the different viewpoint of two levels of trade credit from that of Huang (2006) to explore the inventory model under limited storage capacity and payment method.
Incorporating concepts of Teng et al. (2007 Teng et al. ( , 2009 , we try to consider two levels of trade credit from the viewpoint of Teng (2009) and two warehouses together under payment method 2. Many related articles can be found in Taleizadeh et al. (2010a Taleizadeh et al. ( , b, 2011 . Finally, the sensitivity analysis is executed to study the effects of various parameters on ordering policies and annual total costs of the inventory system.
MODEL FORMULATION
The following notation and assumptions will be adopted in the whole paper. 6. If the ordering quantity is larger than retailer's OW storage capacity W, the retailer will rent warehouse to store these exceeding items and the RW storage capacity is unlimited. When the demand occurs, it first replenished those exceeding items from the RW which stores these exceeding items. 7. The retailer deposits the sales revenue into an interest bearing account. If M ≥ T + N (that is, the permissible delay period is longer than the time at which the retailer receives the last payment from its customers), then the retailer receives all revenues and pays off the entire purchase cost at the end of the permissible delay M. Otherwise (if M < T + N), the retailer pays the sum of all units sold by M -N and all interest earned from N to M to the supplier. Furthermore, the retailer starts paying for the interest charges on the items sold after M -N with rate I k .
The model
The total annual relevant cost consists of the following elements. Three situations are taken into account: 
II.
III.
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Case I: Suppose .
(1) Annual ordering cost . (2) According to assumption (6), annual stock-holding cost (excluding interest charged) can be obtained as follows:
, as shown in Figure 1 . In this case, the order quantity is larger than retailer's OW storage capacity. Thus the retailer needs to rent the warehouse to store the exceeding items. Hence, the annual stock holding cost = annual stock holding cost of rented warehouse + annual stock holding cost of the storage capacity W (ii)
, as shown in Figure 2 . In this case, the order quantity is less than retailer's storage capacity. Thus the retailer will not need to rent warehouse to store any items.
Hence
Annual stock-holding cost .
(3) According to assumption (7), interest earned per year can be obtained as follows:
(i) . In this case, the retailer stares selling products at time 0, but getting the money at time N. Consequently, the retailer accumulates revenue in an account that earns I e per dollar per year starting from N through M. Therefore, the interest earned per cycle is I e multiplied by the area of the triangle NMB as shown in (i) . In this case, the retailer has in the account at time M. Since, the retailer buys DT units at time 0, the retailer owes the supplier cDT at time M. From the difference between the purchasing cost and the money in the account, we have the following two cases:
. If the money in the account at time M is less than the purchasing cost cDT, then the retailer needs to finance the difference (at interest I k ) at time M, and pays the supplier in full in order to get the permissible delay. Thereafter, the retailer gradually reduces the amount of financed loan from constant sales and revenue received. Hence, we obtain the interest charged per year as: (3) Case B:
. If the money in the account at time M is greater than or equal to the purchasing cost cDT, then there is no interest charged.
(ii)
. In this case, the annual interest charged is 0. The annual total relevant cost for the retailer can be expressed as:
= ordering cost + stock-holding cost + interest charged -interest earned.
Based on the foregoing arguments, the annual total relevant cost, , is given by:
Where;
(5) (6)
Since,
(10)
Equations 4a to d imply that TRC(T) is continuous on T > 0. The techniques of arguments of TRC(T) in Case (I) can be used to develop TRC(T) of Cases (II) and (III).
Case II: Suppose . Under this case, TRC(T) can be expressed as follows:
Where; (13) Since, (14) and (15) Combining equations (14), (15) (i = 1 -6) and TRC(T) are defined on T > 0.
THE CONVEXITIES OF TRC i (T) (i = 1 -6)
Equations (5) to (8), (13) and (17) 
and (31) Let,
2 2 
as the respective solutions of equation (36). Also if exists, then,
Equations 43 (a to c) imply that is decreasing on and increasing on for .
PROPERTIES OF
There are three cases to be discussed.
Suppose that , Equations (20), (22), (24) and (26) 
,
Where; ,
and (49) Equations (47) to (49) imply 
. (54) Equations (53), (54) and (49) 
Equations (53), (58) and (60) .
Both Equations (32) and (61) imply (25) and (39) 
So, Equations (33) and (63) imply
. (64) Equations (27) and (40) demonstrate that (b1) to (b3) hold.
Equations (34) and (65) imply .
So, Equations (29) and (41) demonstrate that (c1) to (c3) hold.
Equations (32) and (67) imply .
So, Equations (25) and (39) demonstrate that (d1) to (d3) hold.
Equations (35) and (69) imply (70) So, Equations (31) and (42) 
Equations (33) and (71) imply .
So, Equations (27) and (40) demonstrate that (f1) to (f3) hold. Incorporating the foregoing arguments, we have completed the proof of Lemma 2. (a1) is decreasing on and increasing on .
THEOREMS FOR THE OPTIMAL CYCLE TIME OF
(a2) is increasing on . (a3) is increasing on 
Then, Lemmas 1(A,B), 2(A) and equations 43(a-c) imply:
(c1) is decreasing on . With Lemmas 1 (A and B), 2 (C, D and F) and Equations . So, for Case (I), the larger value of the purchasing cost will do not influence the order quantity and the annual total relevant cost of the retailer. However, for Cases (II)-(III), the larger value of the purchasing cost will make the retailer to order more frequently and increase the annual total relevant cost. Table 3 . The sensitivity analysis for Case 3.
S/N Parameter values T* TRC(T*) S/N Parameter values T* TRC(T*)
When the retailer's OW storage capacity is infinity, only Case III holds. Then, Equations 16 (a to d) will be simplified into the following equations. (73) Huang (2003) studied the inventory model under two levels of trade credit for payment method 1. However, Equations 73 (a to c) develop the inventory model under two levels of trade credit for payment method 2.
Conclusion
Notation and assumptions in Teng et al. (2007) present two payment methods described in the introduction in this paper. Teng et al. (2009) explore the inventory model with two levels of trade credit and limited storage capacity under payment method 1. Adopting the different viewpoint from Teng et al. (2009) , we discuss the inventory model with two levels of trade credit and limited storage capacity under payment method 2. The arguments of the total annual relevant cost should be divided into three situations (I) to (III) described in the model.
Three theorems are provided to determine the optimal cycle time . When the optimal order quantity is more than the retailer's OW storage capacity , the retailer should rent a warehouse to store those exceeding items. Otherwise, the retailer does not need to rent a warehouse. Furthermore, when the retailer's OW storage capacity is infinity, only Case (III) holds. So, this paper will modify the inventory model under two levels of trade credit of Huang (2003) for payment method 2. Finally, the sensitivity analysis is executed to investigate the effects of various parameters on the ordering policies and total annual cost of the inventory system.
